
Mutations in time:

Some basics of population genetics



Lecture plan

  Hardy-Weinberg equilibrium
  Random genetic drift without mutations
  Effective population size
  Random genetic drift and mutations
  The coalescent theory
  Natural selection. Mutation-selection balance
  Random genetic drift, positive selection
  Selection coefficients, deleterious alleles
  Non-random mating, population subdivision, 

gene flow, admixture, adaptation
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Hardy-Weinberg equilibrium (1908)
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Hardy-Weinberg equilibrium

Implications:

1. The allele frequencies does not change:

2. HWE frequencies are attained in one generation

Exercise: derive this
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Hardy-Weinberg equilibrium

Assumptions:
  Diploid species with sexual reproduction and 

random (not assortative) mating
  Same allele frequencies in males and females
  Non-overlapping generations
  Biallelic (autosomal) locus
  Population size is infinite
  No change in allele frequencies by migration, natural 

selection or mutation
  No genotyping errors
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Hardy-Weinberg equilibrium

Does it still make sense with so many assumptions? Yes:

1. A baseline for more realistic models

2. The H-W model splits life history
into two intervals: gametes → zygotes
and zygotes → adults

Hardy-WeinbergSelection, drift and mutation
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Hardy-Weinberg equilibrium
Testing for HWE:
df = n – k – 1, where n = 3 is the number of classes 
and k = 1 is the number of independent parameters

Relethford – Human Population Genetics

Exercise: do it yourself
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gnomAD: 137,842 predominantly healthy individuals from 7 major ethnic populations
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Random genetic drift (Wright-Fisher, 1930)

Assumptions:
  Diploid species with sexual reproduction and 

random (not assortative) mating
  Same allele frequencies in males and females
  Non-overlapping generations
  Biallelic (autosomal) locus
  Population size is infinite
  No change in allele frequencies by migration, natural 

selection or mutation
  No genotyping errors
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Random genetic drift
Finite population ⟹  Sampling variation ⟹ 
     Allele frequency fluctuations  ⟹ Random genetic drift

Exercise: derive
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Random genetic drift

Hartl & Clark –  Principles of population genetics11



Random genetic drift

Hartl & Clark –  Principles of population genetics12



Random genetic drift

The endpoint is allele fixation or loss:

Mean time to fixation, if fixed:

Mean time to loss, if lost:

Mean perstistence time:    

Exercise: at which p persistence time is maximal and what is it?

Exercise: estimate t
F
(p) when p→0
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Random genetic drift and genetic variation
Heterozygosity: probability that an individuum is 
heterozygous at a locus: H = 2pq 

Heterozygosity decay due to drift:

Decay is slow: 
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Random genetic drift and genetic variation
Heterozygosity: probability that an individuum is 
heterozygous at a locus: H = 2pq 

Heterozygosity decay due to drift:

Decay is slow: 
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Drift strength is  ≈1/2N



Effective population size
Effective population size of an actual population is the 
number of indivduals in a theoretically ideal population having 
the same magnitude of genetic drift as the actual population 
(Hartl & Clark, Principles of population genetics)

Fluctuation in population size:  

Unequal sex ratio:

Variance in offspring number:
σ, ξ – offspring mean and variance

Subdivided population:
d sub-populations of size N; m, migration

Exercise: bottleneck 
consequences for N

e
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В биаллельном локусе количество генотипов AA, Aa и 
aa составило 70, 20,10 (вариант 1) и 20, 70, 30 (вариант 
2) , соответственно. Можно ли сказать, что в данном 
локусе наблюдается равновесие Харди-Вайнберга? 
Рассчитайте и приведите ожидаемые частоты генотипов 
и значение критерия χ2. Для ответа на вопрос 
используйте критическое значение критерия  3.841

Вопросы
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Henn et al (2012) PNAS

Resequencing studies have estimated the ancestral effective population size 
at 12,800 to 14,400, with a 5- to 10-fold bottleneck beginning approximately 
65,000 to 50,000 y ago (although see ref. 15 for a bottleneck to only 450 
individuals).
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Henn et al (2012) PNAS

Founder effect (bottleneck) in human expansion
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Mele et al (2011) Mol Biol Evol
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Random genetic drift and mutations

The neutral theory: most mutations are selectively 
neutral with allele frequency determined by random 
genetic drift (Kimura 1968)

2N gametes   2⟹ Nμ mutations in each generation,
where μ = mutations per gamete per generation
Each mutation p

0
 = 1/2N  ⟹ P

Fix 
= 1/2N

The steady-state rate at which neutral mutations are 
fixed in a population:    k = 2NμP

Fix 
= μ

Mean time to fixation, if fixed:    t
F
(p) = 4N

e
 for p ≈ 0 
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Random genetic drift and mutations

Time

Hartl & Clark –  Principles of population genetics

Exercise: estimate fixation time for a new neutral allele 
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Random genetic drift and mutations
The infinite-alleles model: each mutation creates a new 
allele in the population

Hartl & Clark –  Principles of population genetics22



Random genetic drift and mutations
The infinite-alleles model: each mutation creates a new 
allele in the population
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N
e
:
 
effective population size, ~10,000

μ: mutation rate per site per generation, ~1.2×10-8

θ = 4×104×1.2×10-8 ≈ 5×10-4

θ << 1  ⟹ H ≈ θ = 1/2000



Random genetic drift and mutations
The neutral (Motoo Kimura) and nearly neutral 
(Tomoko Ohta) theory of molecular evolution (1960-70):
Random genetic drift of [nearly] neutral alleles is the 

source of polymorphism, not balancing selection.
Most substitutions (fixations) are due to random drift of 

neutral mutants, not advantageous mutations
Missing substitutions are then evolutionary forbidden
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Natural selection is the differential survival and reproduction 
of individuals resulting from differences in phenotype. 
Natural selection changes allele frequencies: 

Fitness is an individual's ability to propagate its alleles 
≈ viability [+fertility+developmental time+mating, …]

Deleterious alleles reduce fitness (≠ pathogenic, damaging)

Natural selection

Gillespie –  Population genetics. A concise guide24



Hartl & Clark –  Principles of population genetics

Natural selection

Exercise: derive
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Genotype                        A
1
A

1          
A

1
A

2           
A

2
A

2

Viability (fitness)             w
11            

w
12                

w
22

Relative fitness                 1      w
12

/w
11     

w
22

/w
11

Relative fitness                 1       1-hs         1-s
where 0 ≤ s ≤ 1 is the selection coefficient, 
h is the heterozygous effect and measures dominance

h = 0         A
1
 dominant, A

2
 recessive // 1, 1, 1-s

h = 1               A
1
 recessive, A

2
 dominant // 1, 1-s, 1-s

0 < h < 1         incomplete dominance
h = ½              additivity                          // 1, 1-s/2, 1-s
h < 0               overdominance
h > 1               underdominance

Natural selection

26

Exercise: h<0, h>1
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Exercise: h<0, h>1



Exercise: derive

Natural selection

Switch to relative fitness:

Gillespie –  Population genetics. A concise guide27



1. Directional (positive, negative, purifying) selection
Recessive allele: w

11
=1,  w

12
= 1,     w

22
= 1 – s  // w

12
 = 1

Dominant allele: w
11

=1,  w
12

= 1 – s,  w
22

= 1 – s   // w
12 

= w
22

Incomplete dominance:  w
11

=1, w
12

= 1 – hs, w
22

= 1 – s,   0 < h < 1 

// w
11 

> w
12 

> w
22

2. Balancing selection
Overdominance: w

11
=1,  w

12
= 1 – hs,  w

22
= 1 – s,  h < 0  // w

12
> w

11,22

3. Disruptive selection
Underdominance: w

11
=1,  w

12
= 1 – hs,  w

22
= 1 – s,  h > 1 

Natural selection

Exercise: valid range for h ?
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Exercise: derive



Directional selection against a recessive allele:
w

11
= w

12
= 1,  w

22 
= 1 – s

Natural selection

Relethford – Human Population Genetics29



Directional selection against a dominant allele:
w

11 
= 1,  w

12
 = w

22 
= 1 – s

Natural selection

30 Relethford – Human Population Genetics



Directional selection against a codominant additive allele:
w

11 
= 1,  w

12
 = 1 – s/2, w

22 
= 1 – s  // incomplete dominance

Natural selection

Relethford – Human Population Genetics31



Disruptive selection against a heterozygote:
w

11 
= 1,  w

12
 = 1 – s,  w

22 
= 1   // underdominance

Natural selection

Relethford – Human Population Genetics32



Balancing selection for a heterozygote:
w

11
=1,  w

12
 = 1 – hs, w

22
= 1 – s,  h < 0   // overdominance

Natural selection
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Balancing selection for a heterozygote:
w

11
=1,  w

12
 = 1 – hs, w

22
= 1 – s,  h < 0   // overdominance

Natural selection

Exercise: derive p̂ Relethford – Human Population Genetics34



Strachan, Read – Human Molecular Genetics

Balancing selection: the case of CF

Exercise: express heterozygous advantage h 
as a function of p^, verify estimate above
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Balancing selection: the case of ß-hemoglobin

Gillespie –  Population genetics. A concise guide36



Balancing selection: the case of ß-hemoglobin

36 Templeton - Human Population Genetics and Genomics (2019)





Natural selection

Sewall Wright:

What happens to         ?

“Natural selection always increases the mean fitness and 
does so at a rate that is proportional to the genetic variation”

Gillespie –  Population genetics. A concise guide37



Mutation-selection balance
Many new alleles are deleterious and incompletely dominant.
 They enter the population by mutation and are removed by 

negative selection. 

Gillespie –  Population genetics. A concise guide38

Balance: the rate of introduction of mutations equals rate of 
loss due to selection



Mutation-selection balance
Many new alleles are deleterious and incompletely dominant.
 They enter the population by mutation and are removed by 

negative selection. 

Exercise: derive q ̂  
for a recessive allele Gillespie –  Population genetics. A concise guide38

Balance: the rate of introduction of mutations equals rate of 
loss due to selection

Large effect → 
Low frequency



Random drift and advantageous allele

Gillespie –  Population genetics. A concise guide39

Selection in finite population is very weak for de novo alleles:
New allele: Δp ≈ (1+s)p – p = sp = s/2N << 1/2N (drift), 
unless s ≈ 1

P
F 
≈ s  if  s ≈ 0 and 2Ns >> 1



Selection in finite population is very weak for de novo alleles:
New allele: Δp ≈ (1+s)p – p = sp = s/2N << 1/2N (drift), 
unless s ≈ 1

Gillespie –  Population genetics. A concise guide40

  Most advantageous alleles are lost.
  Adaptive evolution is random

Random drift and advantageous allele

Exercise: P
F  

for s, 2Ns ≈ 0

P
F 
≈ s  if  s ≈ 0 and 2Ns >> 1



Examples of human local adaptations

Fan (2016) 
Science
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Examples of human local adaptations

41 Templeton - Human Population Genetics and Genomics (2019)



Random drift and deleterious allele

Can a deleterious allele fix in a finite population?

Gillespie –  Population genetics. A concise guide42

P
F 
≈ 0  if  2Ns >> 1



Random drift and deleterious allele

Can a deleterious allele fix in a finite population?

Fixation rate for deleterious alleles:

Gillespie –  Population genetics. A concise guide43

Exercise: k for s → 0 ?

Exercise: P
F
 for s → 0

P
F 
≈ 0  if  2Ns >> 1



Mutations can be placed in three main categories:
  those that are selected (either positively or negatively); 
  those that are neutral (i.e. have no effect on fitness) and
  those that have low selection coefficients, and thus behave 

as neutral in small populations (where the effects of drift 
dominate) or are selected in large populations, where the 
deterministic effects of selection prevail

Mildly deleterious vs neutral mutations
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We combined analysis of mutations causing human Mendelian diseases, 
of human-chimpanzee divergence, and of systematic data on human 
genetic variation and … estimated that >50% of de novo missense 
mutations in an average human gene and 70% of missense SNPs detected 
only once among 1,500 chromosomes are mildly deleterious. Such mildly 
deleterious mutations are associated with selection coefficients within 
a surprisingly narrow range of 0.001–0.003 Kryukov (2007) Am J Hum Genet

0.003  …  0.001

Mildly deleterious vs neutral mutations
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Cassa (2017) Nat Genet
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Fixation probabilities for all alleles
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Mutation, selection and drift

Mutation: μ

Drift: ~1/2Ne  Selection: ~pqs
   S vs 1/2Ne,   common/rare

48

k = μ

Gillespie –  Population genetics. A concise guide



What changes allele/genotype frequencies?

  Mutation: introduction of new alleles into a population

  Genetic drift: sampling variation of transmitted alleles

  Selection: different probabilities of survival/reproduction 

depending on genotypes

  Gene flow: movement of alleles due to migration

  Non-random mating of individuals in a population

49

Summary



Summary
 Hardy-Weinberg equilibrium describes how zygotes originate from 

gametes
 Random genetic drift drives alleles to loss or fixation and reduces 

heterozygosity
 Neutral theory postulates that most inter- and intra-species changes are 

due to negative selection and random drift
 A coalescent is the lineage of alleles in a sample traced backward in 

time to their common ancestor allele
 Natural selection changes allele frequencies. It always increases the 

mean fitness and does so at a rate that is proportional to the genetic 
variation

 Most new alleles are deleterious and incompletely dominant. They 
appear by mutation and are subject to negative selection (mutation-
selection balance).

 In a finite population, a new advantageous mutation is usually lost 
because of random drift. On the other hand, a deleterious allele can fix.
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Further reading
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