Anova.
Fixed effects model.
Random effects model



One-way ANOVA

library("ggpubr")

ggboxplot (PlantGrowth, x = "group", y = "weight",
color = "group", palette = c("#00AFBB", "#E7B800", "#FC4E07"),
order = c("ckrl”, "trtl ., “"trt2"),
ylab = "Weight", xlab = "Treatment")

group E- ctrl trt1 B3 trt2

6.0
5.5
=
©5.0
D
=
4.5- Kak npoTtecTtunpoBaTb, YTO
4YTO BCE rpynnbl
40- oTnm4yaroTca?
3.5 , , ,
ctrl trt1 trt2

Treatment



1-way ANOVA

FactorA | A1 | A2 | A3

----------------------------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------------------------

----------------------------------------------------------------------------------------------------------------------------------



1-way ANOVA

SST = SSX + SSE
SST = SSA + SSE

among
SST= ) ) (=¥
L]
SSA=Y NG ;-9 =n-» F ;-
L J
SSE= ). ) =7
L]



1-way ANOVA

SST = SSX + SSE
SST = SSA + SSE
SST=SS,  +8S ...

among

SST = 2 Z ;i — ) Cymma keanpatos Y

SSA = n- Z (y — y) Cymma kBagpaTtoB Y, o6bsscHaeman chakTopom A

MdaKTn4yeckKu - CKOJIbKO Mbl 0ObACHUM, ecnn byaem
npeackasbiBaTb Y TONbKO NO j (3Ha4YeHnto hakTopa A)

SSE = Z Z T Ty c—

chakTopom A



FactorA | A1 A2 | A3

----------------------------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------------------------

----------------------------------------------------------------------------------------------------------------------------------



1-way ANOVA

Hy:pg = py, ... = Hy =l

H 1 . He Bce cpeaHue paBHbi

FactorA | A1 | A2 A3

Y11 Y12 Y13



1-way ANOVA

Ecnn HO BepHa, TO pakTnyeckun, y Hac nmeetcs n BbiIoopok (no 1
BblOOpKe Ha 3Ha4YeHue pakTopa A).
B Ka>xaon Mbl MOXXeM OLleHUTb Aucrnepcuro. YTo Mbl MOXXEeM NOTOM
caenartb?



1-way ANOVA

Hy:ppg = py,- .. = s =l

1) Ecnhv HO BepHa, TO hpakTuyeckun, y Hac umeertcs n Bbioopok (no 1
BblIOOpPKe Ha 3Ha4yeHue pakTopa A).
B Ka>kaon Mbl MO)XXEeM OLLeHUTb Ancrnepcuio. YTo Mbl MOXXEeM NMOTOM
caenaTtb?

NoacuutaTtb pooled variance

ZJ- (n; — 1>sz SSE
pOOled Z] (n] . 1) N —

|
|
=




1-way ANOVA

1) Ecnn HO BepHa, TOo hakTnyeckn, y Hac umeetcs n Bbioopok (no 1
BblIOOpPKe Ha 3Ha4YeHue hakTopa A)
B Ka)>xgon Mbl MOXXeM oLeHUTb aucnepcuto. YT1o mbl MOXXemM NOTOM
caoenartb?

NMNoacuutaTtb pooled variance
2 ~N a2

Zj (n; — 1)Sj2 SSE
O ~ S — |
pOOled ZJ (n] . 1) N —a

512 ~ njl_ 1 Z (¥ — y_j)z SOk = Z Z (Vi — y_j)z
l i

= MSE




1-way ANOVA

Hy:piy, = Pp, oo =y =}

2) Ecnn HO BepHa, To cpeaHune ana 3HavyeHum pakrtopa
pacnpepenieHbl crieayrowmm oopa3som

y_j it N(,Lt, )
n
Mbl ONAATb MO>XXEM OLLeHMTb HaLLUU AUCNEPCUIO, HO YXXKe Yyepes 3T cpeaHue!
o’ | R < [T
— ~ z o=
n a-—1+4 1
1=

1 da
2 A I 2
0~ ~ ‘N - . —
| izzl, S b ),



1-way ANOVA

3) Echn HO BepHa, TO

a HabnpeHnn

1 a
2 — — (Hawmx cpenHunx),
0 = “n- (y P y) = MSA cuuTanu obuee
a—1 zzzl ~/ cpenHee-dfG:la-1
2
>, Zj (= Dsi”  sSE
0~ S = = MSE

pooled ZJ (n]__ 1) — —N —

n HaGmoaeHun (Hawunx
cpepHux), cuutanu a
cpegHux - notomy df=n
-a

MSA
—— ~Fla—1, n—a)
MSE



One-way ANOVA

res.aov <- aov(weight ~ group, data = PlantGrowth)

summary(res.aov)

## Df Sum Sq Mean Sq F value Pr(>F)
## group 2 3.766 1.8832 4.846 0.0159 =
## Residuals 27 10.492 0.3886

## ——-

## Signif. codes: 0 '***' (0,001 '**' 0.01 '*' 0.05 '.

HO - HeT pa3Huubl mexay rpynnamm (ul = u2 =
....= Un)



[lpegnono)xXeHua one-way
ANOVA

e HezaBncmmMmocTb HabnwaeHUn
e HopMasibHOCTb OCTATKOB

e [ oMocKegacTU4HOCTb (0OgHOPOAHOCTb ANncnepcuin)

NMpoBepsaTb MOXXHO hyHKUMen plot - plot(model)



Residuals

IStandardized residualsl
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https://www.geeksforgeeks.org/anova-test-in-r-programming/



Ecinn doakTopoB
HECKOJIbKO?



Two-way ANOVA

library("ggpubr")
ggboxplot (ToothGrowth, x = "dose", y = "len", color = "supp",
palette = c("#00AFBB", "#E7B800"))

supp E4 oJ VC

30-

len

10 1

0.5 1 2
dose



Two-way ANOVA

library("ggpubr")

ggline(ToothGrowth, x = "dose", y = "len", color = "supp",
add = c("mean_se", "dotplot"),
palette = c("#00AFBB", "#E7B800"))

## ~“stat_bindot()~ using “bins = 30 . Pick better value with “binwidth™.

supp @ 0OJ VC

30 1

20 - iv e

len
)

10 - OG0
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dose



Two-way ANOVA

ToothGrowth$dose <- factor(ToothGrowthS$dose,

levels = ¢(0.5, 1, 2),

labels = ¢("D0.5", "D1", "D2"))
res.aov2 <- aov(len ~ supp + dose, data = ToothGrowth)

summary(res.aov2)

## Df Sum Sg Mean Sqg F value Pr (>F)

## supp 1 205.4 205.4 14.02 0.000429 ***

## dose 2 2426.4 1213.2 82.81 < 2e-16 ***

## Residuals 56 820.4 14.7

## ——-

## Signif. codes: 0 '***' 0,001 '**' 0.01 '*' 0.05 '.' 0.1 '

NMepBas HO - HeT pa3HuLUbI meXxay rpynnamMmu no
supp (U1 =u2 = ....= un)

Btopaa HO - HeT pa3HuULbl meXxay rpynnamMmum no
dose (Ul = u2 = ....= un)



Two-way AN

library("ggpubr")

ggline(ToothGrowth, x = "dose", y "len", color = "supp",
add = c¢("mean_se", "dotplot"),

palette = c("#00AFBB", "#E7B800"))

## “stat_bindot()" using "bins = 30 . Pick better value with “binwidth’.

supp -® OJ VC

301

20 -

len

101 OLD0O

0.5 1 2
dose



Two-way ANOVA

res.aov3 <- aov(len ~ supp * dose, data = ToothGrowth)

summary(res.aov3)

## Df Sum Sq Mean Sq F value Pr (>F)

## supp 1 205.4 205.4 15.572 0.000231 **x*

## dose 2 2426.4 1213.2 92.000 < 2e-16 ***

## supp:dose 2 108.3 54.2 4.107 0.021860 =*

## Residuals 54 712.1 13.2

# ——=

## Signif. codes: 0 '***' (0.001 '**' 0.01 '*' 0.05 '."' 0.1 '

NepBas HO - HeT pa3HuLUbI meXxay rpynnamv no

supp (U1 =u2 =....= un)
Btopasa HO - HeT pa3HuLbl MeXAay rpynnamMmm no
dose (U1 =u2 = ....= un)

Tpetbsa HO - HeT BNnsiHuA supp Ha dose



Post-hoc aHanun3

ANOVA ckasana, 4To eCcTb 3Ha4YMMble Pa3iNyuns

Y10 panbie?



Post-hoc aHanun3

ANOVA ckasana, 4To eCTb 3Ha4YMMble Pa3INYuS
Y10 panbwe?

lckaTb, Kakune KOHKPETHO rpyrinbl OT/INYHAaOTCAH



Post-hoc aHanun3

ANOVA ckasana, YTo eCTb 3Ha4YMMble Pa3NNYuns
Y10 panbwe?

ickaTb, Kakmne KOHKPETHO rpynmnbl OT/INYatoTCS
[lenaem nonapHble t-TeCThI.

Mo>xHO genaTb 4yTb O0nee yMHble TECTbI, NPOBOASLLNE BCE
cCpaBHeHUA BMecTe, Hanpumep, Tukey HSD test.



HeyuyTeHHble 3PP EKTLI

npe,EI,I'IOJ'IO)KI/IM, YTO Halla uesieBad nepemMeHHasd B
IEl,elk/’ICTBI/ITeJ'II:HOCTI/I HEe OOBbSCHAETCHA HaLWMWN nepemMeHHbIMUA

=u+px;+yz; +a; + €

/ / HopmanbHbIii Wwym

CoBOKYnMHbIN BKNag
BCEeX NepeMeHHbIX,
KOTOpbleé Mbl He
BKJIIOMWIN B Mopefb,
Oo6bscHsaOWas a OHU BNUSAIOT

nepemMmeHHas 2

CB0oOOAHDbIN
KoadpUuLmeHT OGbsacHsOWan
(intercept) nepemeHHas 1



HeyuyTeHHble adodPEeKTbI

yi=p+px;+yz; + o + €

N\

HopmasibHbIN WyMm

CBobOOOHbIN

QowACHAIOLAS CoOBOKYNHbIV BKJ1A
KOS(PPULMEHT nepemeHHasi 1 y A
(intercept) BCEeX NepeMeHHbIX,
KOTOpPbIE Mbl HE
O6bACHAOLLAS BKJ1IOUUN B MOAENb, a
nepemMeHHasi 2 OHW BJTINAKOT

Y10 OyaeT, ecnu Mmbl nonpoodyem annpoKcCMmMmmMpoBaTb 3TO MoaeNbio?

y; = p+ px;+yz; + €



HeyuyTeHHble adodPEeKTbI

=u+px;+yz; +a; + ¢

/ / HopmanbHbIi Lwym

CBoboaHbIn O6bsCHSAOLLAS

KoathdbuuneHT nepemeHHast 1 CoBOKYNHbIV BKNag
(intercept) BCEeX NepemMeHHbIX,
KOTOpPbIE Mbl HE
O6bscHsIIOLAS BKJTIOUUN B MOAESb, a
nepemMeHHasa 2 OHW BNNAIOT

Y10 OyaeT, ecnm Mbl Nonpooyem annpoKCUMUpoBaTb 3TO MOAENbIO?
Vi=pu+px;+yz;+ €

Mopenb OyaeT nbiTaTbCA pacnuxaTtb alpha no Bknagam BK/1HOYEHHbIX HAMU
nepemMeHHbIX



Output 2.1 Regressions of ANTI on POV and SELF in 1990 and 1994
Dependent Variable: anti90 child antisocial behavior in 1990

Parameter Standard

Variable DF Estimate Error tValue Pr>|f|
Intercept 1 2.37482 0.38447 6.18 <.0001
self90 1 -0.05014 0.01870 -2.68 0.0075
pov90 1 0.59473 0.12629 471 <.0001

Dependent Variable: anti94 child antisocial behavior in 1994

Parameter  Standard

Variable DF Estimate Error tValue Pr>|f
Intercept 1 2.88797 0.44688 6.46 <.0001
selfo4 1 -0.06388 0.02113 -3.02 0.0026
pov94 1 0.54712 0.14765 3.71 0.0002

Paul D. Allison Fixed Effects Regression ...



YTo menartb?

Y Hac ecTb AaHHble 3a ABa roaa. NpeanosoXxXmm, YTo HEBKJ/TIOYEHHbIe
a3 dpeKTbl OCTANMNCb NPEXHUMN

Vir = My + Px; + vz +a; + €

Vin = Mo + PXpp +¥Zip + a; + €57



YTo menartb?

Y Hac ecTb AaHHble 3a ABa roaa. NpeanosoXxXmm, YTo HEBKJ/TIOYEHHbIe
a3 dpeKTbl OCTANMNCb NPEXHUMN

Vir = My + Px; + vz +a; + €
Vin = Yo + PXpp +¥Zip + a; + €57

Ay. = Au + fAx; + yAz + Ae;

U Gyaem yunTtb 3Ty moaenb



PaboTaeT!

Output 2.2 Regression with Difference Scores
Dependent Variable: antidiff

Parameter Standard

Variable DF Estimate Error tValue Pr>|{
Intercept 1 0.20923  0.06305 3.32 0.0010
selfdiff ‘ -0.05615  0.01531 -3.67 0.0003
povdiff ‘ -0.03631 0.12827 -0.28 0.7772




Fixed effects model
Vi = W; + px;, + vz, + a; + €,

e Ecnn obobuwaTte gns cny4dasa, korga y Hac ecTb
HECKOJ1bKO nepunoaoB HabntoaeHnsa/30H HabnogeHns u
TO, TO NPUAeEM K MOAeNnn, Kotopas ganee (noytu)
cBoauTcs K fixed effects model.

* llpesa npocTtasa - NpocTo gobasnsemMm B MOAESNb
KaTeropuasnbHyto NepeMeEHHYI0, OTBEYatoLLYto 3a nepuopa
HabntogeHus

 [lo cyTn - BCe 3TO Mbl y>Xe aenanun, korga npocTo
CTPOUNN PErpeccuto ¢ KateropumanbHbIMU NepPeEMEHHbIMI

Nouemy Ha3biBaeTcH fixed effects model?



Fixed effects model
Vi = W; + px;, + vz, + a; + €,

e Ecnn obobuwaTte gns cny4dasa, korga y Hac ecTb
HECKOJ1bKO nepunoaoB HabntoaeHnsa/30H HabnogeHns u
TO, TO NPUAeEM K MOAeNnn, Kotopas ganee (noytu)
cBoauTcs K fixed effects model.

* llpesa npocTtasa - NpocTo gobasnsemMm B MOAESNb
KaTeropuasnbHyto NepeMeEHHYI0, OTBEYatoLLYto 3a nepuopa
HabntogeHus

 [lo cyTn - BCe 3TO Mbl y>Xe aenanun, korga npocTo
CTPOUNN PErpeccuto ¢ KateropumanbHbIMU NepPeEMEHHbIMI

Fixed effect - alpha, He 3aBucuTt ot t



data(Fatalities)
Fatalities$fatal rate <- Fatalities$fatal / FatalitiesS$pop * 10000

fatal fe 1Im mod <- 1Im(fatal rate ~ beertax + state, data = Fatalities)
summary(fatal fe 1m mod)

##

## Call:

## lm(formula = fatal rate ~ beertax + state, data = Fatalities)

##

## Residuals:

St Min 10 Median 30 Max

## -0.58696 -0.08284 -0.00127 0.07955 0.89780

# CTtaHpapTHble OWNOGKN TYT He COBCEM BEPHbIe,

## Coefficients:
#HH Estimate Stg

oLeHMBaTb MOXXHO, K MpUuMepy, Yyepe3 oyTcTpan
t value Pr(>|t])

## (Intercept) 3.47763 0.31336 11.098 < 2e-16 ***
## beertax -0.65587 0.18785@m -3.491 0.000556 =*=*=*
## stateaz -0.56773 0.26667@ -2.129 0.034107 *
## statear -0.65495 0.21902@m -2.990 0.003028 =*=*
## stateca -1.50947 0.30435@m -4.960 1.21e-06 ***
## stateco -1.48428 0.28735@ -5.165 4.50e-07 ***
## statect -1.86226 0.28053@ -6.638 1.58e-10 **=*
## statede -1.30760 0.29395@ -4.448 1.24e-05 ***
-0.26813 0.13933@ -1.924 0.055284 .

##

statefl




Random effects model
Vig = Uy T :Bxit T+ Y3 T T €

a; ~ N(0,6%)

HdononHutenbHo: 3¢ dekT alpha He 3aBUCUT OT NMPU3HAKOB U LUYyMa



IlaTaceT ¢ OpakoHamMmwm

[lpakoHbl XX1BYT Ha pa3HbIX MOPHbLIX MaccrBax, B TPeEX
C/ly4YanHbIX nokaumsax aTMx MmaccumBoOB

[lpakoHbl UMEIOT pa3Hyo OJINHY
[lpakoHbl cgaBann TECT 1 NOMAYYNSIN 3a Hero 6ansbl

XOTUM N3Yy4nNTb 3aBUCUMOCTb Pe3y/IbTaToOB 3a TECT OT
OJIHbI OpaKoHa

https://ourcodingclub.github.io/tutorials/mixed-models/#what



basic.lm <- 1lm(testScore ~ bodyLength, data = dragons)

summary (basic.1lm)

##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##

Call:
Im(formula =

Residuals:
Min
-56.962 -16.

Coefficients

(Intercept)
bodyLength

Signif. code

Residual standard error:
Multiple R-squared:

F-statistic:

testScore ~ bodyLength, data = dragons)

10 Median 30

Max

411 -0.783 15.193 55.200

Estimate Std. Error t value Pr(>|t])
-61.31783 12.06694 -5.081 5.38e-07 ***

0.55487 0.05975

s: 0 "***x' (0,001 "**'

86.25 on 1 and 478 DF,

9.287 < 2e-16 **x*

0.01 '*'" 0.05 '." 0.1

21.2 on 478 degrees of freedom
0.1529, Adjusted R-squared: 0.1511

p-value: < 2.2e-16

1



library(ggplot2)
(prelim plot <- ggplot(dragons, aes(x = bodyLength, y = testScore)) +

geom point() +
geom_smooth(method = "1m"))

## ~geom smooth()”~ using formula 'y ~ x'
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boxplot(testScore ~ mountainRange, data = dragons)
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(colour plot <- ggplot(dragons, aes(x = bodyLength, y = testScore, colour = mountainRange)) +
geom point(size = 2) +
theme classic() +

theme(legend.position = "none"))
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(split plot <- ggplot(aes(bodyLength, testScore), data

geom point() +

facet wrap(~ mountainRange) +

xlab("length") +
ylab("test score"))
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mountain.lm <- Im(testScore ~ bodyLength + mountainRange, data = dragons)
summary (mountain.lm)

##

## Call:

## 1lm(formula = testScore ~ bodyLength + mountainRange, data = dragons)
##

## Residuals:

et Min 10 Median 30 Max

## -52.263 -9.926 0.361 9.994 44.488

##

## Coefficients:

## Estimate Std. Error t value Pr(>|t])

## (Intercept) 20.83051  14.47218 1.439 0.15072

## bodyLength 0.01267 0.07974 0.159 0.87379

## mountainRangeCentral 36.58277 3.59929 10.164 < 2e-16 ***
## mountainRangeEmmental 16.20923 3.69665 4.385 1.43e-05 **=*
## mountainRangedJulian 45.11469 4.19012 10.767 < 2e-16 **%*
## mountainRangeLigurian 17.74779 3.67363 4.831 1.84e-06 ***
## mountainRangeMaritime 49.88133 3.13924 15.890 < 2e-16 ***
## mountainRangeSarntal 41.97841 3.19717 13.130 < 2e-16 **x*

## mountainRangeSouthern 8.51961 2.73128 3.119 0.00192 *x*
## ——-

## Signif. codes: 0 '***' (0,001 '**' 0.01 '*' 0.05 '.' 0.1 ' " 1
##

## Residual standard error: 14.96 on 471 degrees of freedom

## Multiple R-squared: 0.5843, Adjusted R-squared: 0.5773

## F-statistic: 82.76 on 8 and 471 DF, p-value: < 2.2e-16



mountain.lm <- Im(testScore ~ bodyLength + mountainRange, data = dragons)
summary (mountain.lm)

##

## Call:

## 1lm(formula = testScore ~ bodyLength + mountainRange, data = dragons)
##

## Residuals:
MO)XXHO N cumTaThb

et Min 10 Median 30 Max

## -52.263 -9.926 0.361 9.994 44.488 mountainRange fixed
## effect?
## Coefficients:

## Estimate Std. Error t value Pr(>|t])

## (Intercept) 20.83051  14.47218 1.439 0.15072

## bodyLength 0.01267 0.07974 0.159 0.87379

## mountainRangeCentral 36.58277 3.59929 10.164 < 2e-16 ***

## mountainRangeEmmental 16.20923 3.69665 4.385 1.43e-05 **=*

## mountainRangedJulian 45.11469 4.19012 10.767 < 2e-16 **%*

## mountainRangeLigurian 17.74779 3.67363 4.831 1.84e-06 ***

## mountainRangeMaritime 49.88133 3.13924 15.890 < 2e-16 ***

## mountainRangeSarntal 41.97841 3.19717 13.130 < 2e-16 ***

## mountainRangeSouthern 8.51961 2.73128 3.119 0.00192 =*=*
## ——-

## Signif. codes: 0 '"***' (0,001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
##

## Residual standard error: 14.96 on 471 degrees of freedom

## Multiple R-squared: 0.5843, Adjusted R-squared: 0.5773

## F-statistic: 82.76 on 8 and 471 DF, p-value: < 2.2e-16



mountain.lm <- Im(testScore ~ bodyLength + mountainRange, data = dragons)
summary (mountain.lm)

##

## Call:

## 1lm(formula = testScore ~ bodyLength + mountainRange, data = dragons)
##

## Residuals:
MO)XXHO N cumTaThb

et Min 10 Median 30 Max

## -52.263 -9.926 0.361 9.994 44.488 mountainRange fixed
## effect?
## Coefficients:

## Estimate Std. Error t value Pr(>|t]) Mo>xHo
## (Intercept) 20.83051  14.47218 1.439 0.15072

## bodyLength 0.01267 0.07974 0.159 0.87379

## mountainRangeCentral 36.58277 3.59929 10.164 < 2e-16 ***

## mountainRangeEmmental 16.20923 3.69665 4.385 1.43e-05 **=*

## mountainRangedJulian 45.11469 4.19012 10.767 < 2e-16 **%*

## mountainRangeLigurian 17.74779 3.67363 4.831 1.84e-06 ***

## mountainRangeMaritime 49.88133 3.13924 15.890 < 2e-16 ***

## mountainRangeSarntal 41.97841 3.19717 13.130 < 2e-16 ***

## mountainRangeSouthern 8.51961 2.73128 3.119 0.00192 =*=*
## ——-

## Signif. codes: 0 '"***' (0,001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
##

## Residual standard error: 14.96 on 471 degrees of freedom

## Multiple R-squared: 0.5843, Adjusted R-squared: 0.5773

## F-statistic: 82.76 on 8 and 471 DF, p-value: < 2.2e-16



mountain.lm <- Im(testScore ~ bodyLength + mountainRange, data = dragons)
summary (mountain.lm)

##

## Call:

## 1lm(formula = testScore ~ bodyLength + mountainRange, data = dragons)
##

## Residuals:
MO)XXHO N cumTaThb

## Min 10 Median 30 Max

## -52.263 -9.926 0.361 9.994 44.488 mountainRange fixed

## effect?

## Coefficients:

## Estimate Std. Error t value Pr(>|t]) Mo>xHo

## (Intercept) 20.83051 14.47218 1.439 0.15072

## bodyLength 0.01267 0.07974 0.159 0.87379

## mountainRangeCentral 36.58277 3.59929 10.164 < 2e-16 ***

## mountainRangeEmmental 16.20923 3.69665 4.385 1.43e-05 **=* Ho Ha camom Aene
## mountainRangeJulian  45.11469 4.19012 10.767 < 2e-16 **+ HaM 9TOT 3(pheKkT
## mountainRangeLigurian 17.74779 3.67363 4.831 1.84e-06 **x* abCoONTHO B
## mountainRangeMaritime 49.88133 3.13924 15.890 < 2e-16 *** nccecnengoBaHM He
## mountainRangeSarntal 41.97841 3.19717 13.130 < 2e-16 **x* HY>KEH.

## mountainRangeSouthern 8.51961 2.73128 3.119 0.00192 =*=*

wy 1, Mbl C TeM Xe
## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1 ycnexom Mmornum
## B3ATb U Apyrume
## Residual standard error: 14.96 on 471 degrees of freedom ropHblieé MacCuBbI

## Multiple R-squared: 0.5843, Adjusted R-squared: 0.5773
## F-statistic: 82.76 on 8 and 471 DF, p-value: < 2.2e-16



1.

Fixed effect vs random
effect

Ecnn ypoBHen hbakTopa mano (MeHbLue 5), To nyywe caenatb ero fixed
effect, utobbl MOgeNnb gaBana oueHKN KOaPPUUNEHTOB, HA KOTOPLIE
MO>XHO MOJIOXXNTbCS

Ecnn dakTop SABNSETCA BaXXKHOW YaCTbiOo nCccregoBaHns N Mbl XOTUM
aganee genaTtb 0 HeM BbiBoAbl, TO 3TO fixed effect

Ecnn dpakTop NpoCTO rpynnUpyeT Kak-To Hawmn gaHHbIe (HOMepP
NOBTOPHOCTW, HOMEP NNalwKy 1 TO), HO OH HAM He NHTEPECEH, HO OH
MOXXET OKa3blBaTb adeKT. B aTtom cnydae aT1o random effect.

Eule ognH crnocob gatb onpepeneHne random effect - ypoBHM
dhakTopa He MMEIOT NPUHUMNUASIbBHOro 3HavyeHusa. OHM NPOCTOo
BblOpaHbl N3 HEKOW reHepasibHOW COBOKYMHOCTU. Hanpumep - Mbl
B3AM AN nccriegoBaHna 6osbHbIX N3 10 6051bHUL,



mixed.lmer <- lmer(testScore ~ bodyLength + (1|mountainRange), data = dragons)
summary (mixed. lmer)

## Linear mixed model fit by REML [ 'lmerMod']
## Formula: testScore ~ bodyLength + (1 | mountainRange)

## Data: dragons

##

## REML criterion at convergence: 3991.2

##

## Scaled residuals:

# Min 10 Median 30 Max

## -3.4815 -0.6513 0.0066 0.6685 2.9583

##

## Random effects:

## Groups Name Variance Std.Dev.
## mountainRange (Intercept) 339.7 18.43
## Residual 223.8 14.96
## Number of obs: 480, groups: mountainRange, 8
##

## Fixed effects:

## Estimate Std. Error t value

## (Intercept) 43.70938 17.13489 2.551
## bodyLength 0.03316 0.07865 0.422

##
## Correlation of Fixed Effects:
## (Intr)

## bodyLength -0.924



plot (mixed.lmer)
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qgnorm(resid(mixed.lmer))
ggline(resid(mixed.lmer))

Normal Q-Q Plot

Sample Quantiles

Theoretical Quantiles




Y Hac ocTanimcob eLue
PErmMoHbl KaXXO0u ropbl



Crossed random effects

e [lpencraBum, YTO HalLWM OPaKOHbI YMEKT fleTaTb Mexxay
permoHamy oaHou ropsol

e Torga Mbl MO NPOTECTMPOBATbL OJHOIO N TOrO XXe
[paKoHa HECKOJIbKO pa3

e To ecTb NnbBO y HAC eCcTb AJ1I9 HEKOTOPLIX APaKOHOB
HabftoaeHnst ecTb ANnd pasHbIX pernoHos (partially
crossed)

e A, MOXET, BOOOLLE KaXkabI ApakoH NodbiBasi B KaXXOoOM
n3 pervoHos (fully crossed)



Crossed random effects

Habntogaem pocT neconocanok B TedeHun tpex net. [NoHnmaem, 4to HabnogeHus n3 ogHorG
roga MoryT 6bITb 60s51e€e NOXOXM ApYyr Ha apyra, NOHMMaeM, 4YTo 1 HabngeHNa N3 OaHOro
ce30Ha ofHOoro roga MoryT 6bITb MOXOXWN APYr Ha apyra



Nested random effects

[TycTb y Hac 50 cemsH B kaxxgon nyHke, 10 KOHTPOoNbHbIX 1 10
akcnepmmMmeHTanbHbIX. ITO 1000 cemsiH Bcero. [ycTb Mbl cobupaem
OAHHbIE O HUX KaXXObl CE30H B TedeHnn Tpex net. V1 Ha ka>kgom
pacTeHnn Mbl namepsem 5 nuctkos. ITo 60000 namepeHuin. Ho atu
N3MepeHns 3aBNCUMbI!

[ToToMmy perpeccusa Bmnpa leafLength ~ treatment Oynet npeysenuumeaTb
3HAYMMOCTb Pe3yNbTaToB

Takas perpeccus yuTeT Bce 3Tu 3aBucumocTu leafLength ~ treatment + (1]
Bed/Plant/Leaf)

OcTaeTtcs y4ecTb TO, UTO ce30HbI (Bumal, ... OceHb3) MOryT okasbliBaTb
BSINSIHWE HA NINCTbS.

leafLength ~ treatment + (1|Bed/Plant/Leaf) + (1 | Season)



Bo3Bpalladachb K AopaKkoHam

XOTUM y4YeCTb IoKauuo

mixed.WRONG <- lmer(testScore ~ bodyLength + (1|mountainRange) + (1l|site), data = dragons)

summary (mixed.WRONG)

## Linear mixed model fit by REML [ 'lmerMod']
## Formula: testScore ~ bodyLength + (1 | mountainRange) + (1 | site)

## Data: dragons

##

## REML criterion at convergence: 3986.5

ik

## Scaled residuals:

## Min 10 Median 30 Max

## -3.5079 -0.6489 0.0138 0.6976 3.0851 9
- YTO0 He TaK*
## Random effects:

## Groups Name Variance Std.Dev.

## mountainRange (Intercept) 409.90 20.246

## site (Intercept) 10.52 3.243

## Residual 219.19 14.805

## Number of obs: 480, groups: mountainRange, 8; site, 3
#i

## Fixed effects:

## Estimate Std. Error t value

## (Intercept) 82.6667 21.6916  3.811

## bodyLength -0.1603 0.1012 -1.584

S

## Correlation of Fixed Effects:

## (Intr)

## bodyLength -0.940



Bo3Bpallasach K OpaKkoHam

XOTUM y4YeCTb IoKauuo

mixed.WRONG <- lmer(testScore ~ bodyLength + (1|mountainRange) + (1l|site), data = dragons) # treats the

summary (mixed.WRONG)

## Linear mixed model fit by REML [ 'lmerMod']
## Formula: testScore ~ bodyLength + (1 | mountainRange) + (1 | site)
## Data: dragons

##

## REML criterion at convergence: 3986.5

ik

## Scaled residuals:

## Min 10 Median 30 Max

## -3.5079 -0.6489 0.0138 0.6976 3.0851

" 9 dekTbl He crossed
## Random effects:

## Groups Name Variance Std.Dev.
## mountainRange (Intercept) 409.90 20.246
## site Intercept 10.52 3.243

Number of obs: 480, groups: mountainRange, 8; site, 3

## Fixed effects:

## Estimate Std. Error t value
## (Intercept) 82.6667 21.6916 3.811
## bodyLength -0.1603 0.1012 -1.584
e

## Correlation of Fixed Effects:

## (Intr)

## bodyLength -0.940



Bo3Bpallasach K OpaKkoHam

mixed.lmer2 <- lmer(testScore ~ bodyLength + (l|mountainRange/site) , data = dragons) # the syntax

summary (mixed.lmer2)

## Linear mixed model fit by REML [ 'lmerMod']
## Formula: testScore ~ bodyLength + (1 | mountainRange/site)

## Data: dragons

##

## REML criterion at convergence: 3976

##

## Scaled residuals:

S Min 10 Median 30 Max

## -3.2425 -0.6752 -0.0117 0.6974 2.8812

##

## Random effects:

## Groups Name Variance Std.Dev.
## site:mountainRange (Intercept) 23.09 4.805
## mountainRange (Intercept) 327.56 18.099
## Residual 208.58 14.442
## Number of obs: 480, groups: site:mountainRange, 24; mountainRange, 8
##

## Fixed effects:

## Estimate Std. Error t value

## (Intercept) 40.06668 21.86373 1.833

## bodyLength 0.05126 0.10368 0.494

##

## Correlation of Fixed Effects:

## (Intr)

## bodyLength -0.955



Bce HaKJTOHbl KPpUBbIX OOVWHaKOBbI

(mm_plot <- ggplot(dragons, aes(x = bodyLength, y = testScore, colour = site)) +
facet wrap(~mountainRange, nrow=2) + # a panel for each mountain range
geom point(alpha = 0.5) +
theme classic() +

geom line(data = cbind(dragons, pred = predict(mixed.lmer2)), aes(y = pred), size = 1) + # adding predicte

T TG fraom mived mode ]
d line from mixed model

theme (legend.position = "none",

panel.spacing = unit(2, "lines")) # adding space between panels
)
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HanommHaHwume

e B fixed model Mbl yunTbiBann ac

HaKJIOH crieayroLwmmMm obpasom

DC

HEKT KaTeropum Ha

Y=ﬁ0+ﬂ1X+ﬂ2Z+ﬁ3XZ+€

Bknag X

Bknan Z

moderation effect Z



HanommHaHwume

B fixed model mbl yunTtbiBann apekT Kkateropmm Ha
HaKJ1IOH cregyowmmMm obpas3om

model <- Im(Price RUR ~ HDD Gb * HDD type, data=laptop)
summary (model)

##

## Call:

## lm(formula = Price RUR ~ HDD Gb * HDD type, data = laptop)
##

## Residuals:

#H# Min 10 Median 30 Max

## -21886 -6049 -1461 2885 89344

##

## Coefficients:

## Estimate Std. Error t value Pr(>|t|)

## (Intercept) 12430.529  1525.776 8.147 9.97e-15 *x*
## HDD Gb 17.270 2.488 6.941 2.38e-11 **%*
## HDD typeSSD 18232.081 4265.934 4.274 2.58e-05 ***
## HDD Gb:HDD typeSSD 80.870 12.874 6.281 1.17e-09 **=*
## ——-

## Signif. codes: 0 '**x' (0,001 '**' 0.01 '*' 0.05 '.' 0.1 " " 1
##

## Residual standard error: 10480 on 302 degrees of freedom
## Multiple R-squared: 0.5457, Adjusted R-squared: 0.5412
## F-statistic: 120.9 on 3 and 302 DF, p-value: < 2.2e-16



YunTbiBaeM HaKJ1OH KPUBbIX

B cny4dyae random effects, no cytun genaem no4ytu 1o xe camoe

Vir = W + px;; + a; + yix;, + €

}/i ~ N(O’Uyz)



YunTbiBaeM HaKJ1OH KPUBbIX

dragons$bodyLength2 <- scale(dragons$bodyLength, center = TRUE, scale = TRUE)
mixed.ranslope <- lmer(testScore ~ bodyLength2 + (1 + bodyLengthz|mountainRange/site), data = dragons)

## boundary (singular) fit: see ?isSingular
summary (mixed.ranslope)

## Linear mixed model fit by REML [ 'lmerMod']
## Formula: testScore ~ bodyLength2 + (1 + bodyLength2 | mountainRange/site)

#i Data: dragons

##

## REML criterion at convergence: 3968.4

##

## Scaled residuals:

## Min 10 Median 30 Max

## -3.2654 -0.6737 -0.0200 0.6931 2.8432

##

## Random effects:

## Groups Name Variance Std.Dev. Corr
## site:mountainRange (Intercept) 19.8156 4.4515

## bodyLength?2 0.7178 0.8472 1.00
## mountainRange (Intercept) 310.9691 17.6343

## bodyLength2 6.1119 2.4722 -1.00
## Residual 208.5025 14.4396

## Number of obs: 480, groups: site:mountainRange, 24; mountainRange, 8
##

## Fixed effects:

## Estimate Std. Error t value

## (Intercept) 51.4263 6.3408 8.110

## bodyLength2  0.6691 1.8729  0.357

" n



YunTbiBaeM HaKJ1OH KPUBbIX

(mm_plot <- ggplot(dragons, aes(x = bodyLength, y = testScore, colour = site)) +
facet wrap(~mountainRange, nrow=2) + a panel for each mountain range
geom point(alpha = 0.5) +
theme classic() +

geom line(data = cbind(dragons, pred = predict(mixed.ranslope)), aes(y = pred), size = 1) + # adding predi

theme(legend.position = "none",
panel.spacing = unit(2, "lines"))
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